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A new technique is presented for proving that a consequence sysjeys @raig interpolation or Maehara
interpolation based on the fact, that these properties hold in anotherqecemee system. This technique
is based on the existence of a back and forth translation satisfying saperfies between the consequence
systems. Some examples of translations satisfying those propertiessaribdd. Namely a translation between
the global/local consequence systems induced by fragments of linégrdd{plmogorov-Gentzen-@lel style
translation, and a new translation between the global consequence systemed by full Lambek calculus
and linear logic, mixing features of a Kiriyama-Ono style translation with featof a Kolmogorov-Gentzen-
Godel style translation. These translations establish a strong relationshigdpetiae logics involved and are
used to obtain new results about whether Craig interpolation and Maelemaalation hold in that logics.
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1 Introduction

The well-known family of negative translations (KolmogerGentzen-®del) from classical logic into intuition-
istic logic were introduced as a way of proving the consisyasf classical logic by reducing it to the consistency
of intuitionistic logic (see the works of Kolmogorov [18] @r@livenko [11] for the propositional case and the
works of Gentzen [10] and @lel [12] for the predicate case).

Subsequently, special designed translations were usdtbto that other properties besides consistency, like
for instance cut-elimination [16] and undecidability [1Apld on a deductive system relative to another, that is,
hold on a deductive system whenever they hold on anotherctiedisystem. Similar results can be found in
other scientific areas, like for instance in complexity tlyeavhere frequently the answer to a problem is shown
to be related, usually through a kind of translation, to theweer of a different problem.

These kind of preservation results are, despite their itapoe, usually shown in a case by case basis, although
recently there can be seen a widely and growing effort toigdize preservation results so that they can be applied
once to a whole class of entities [4, 5, 26, 28].

Herein we propose a new method for checking whether Craggpntation and Maehara interpolation hold in
a logic. This method is based on the existence of a specidlditranslation between an abstract consequence
system in which we want to investigate those properties anthar abstract consequence system. If it is the case
that such a translation exists, then, if the destinatiotesy®njoys those properties than the source consequence
system would also enjoys them. Otherwise, even if the datsim system does not enjoy the properties, the fact
that there exists such a translation allows to reduce thestopn to the same question but over that destination
system (a system in which it may be simpler to investigatérttezpolation properties).
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2 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

The use of abstract consequence systems make the presemnestilts very general and applicable in a wide
range of situations. In fact the results presented in thikwan be applied either to consequence systems defined
model-theoretically or to consequence systems induce@btyative systems (for instance consequence systems
based on the local or the global consequence relation iddbgea deductive system). Moreover they can be
applied to propositional based consequence systems ostt@fiter based consequence systems.

The generalized translation schema investigated hergierisral enough to be satisfied by several interesting
translations (see Section 5). Some of the translationdaje@ in this work are variants of well studied transla-
tions, adapted to the specific logic systems being congidarerder to satisfy the conditions of the generalized
translation schema. For instance, a new kind of translatiodng features of a Kolmogorov-Gentzerd@el
style translation and features of a Kiriyama-Ono styledfation is developed between the global consequence
systems induced by full Lambek calculus and linear logic.

New results about whether Craig interpolation and Maehaeapolation over local consequence and global
consequence hold in some logics are proved. We show thdtdnibek calculus with exchange and weakening
enriched with multiplicative rules of linear logic enjoysay interpolation and Maehara interpolation over global
consequence. We reduce the problem of checking whetheg {Dtarpolation and Maehara interpolation hold in
a linear logic with classical and intuitionistic rules, ts intuitionistic component. Finally we show that the logic
resulting from the fibring of intuitionistic and classicadic enjoys Craig interpolation and Maehara interpolation
both over its local consequence relation and over its globasequence relation .

Although not explored in this work, we observe also that beptise of the results obtained herein is proving
that Craig interpolation and Maehara interpolation dodshetd in a logic. In fact, in order to show that a con-
sequence system does not enjoy those properties it is suffim establish a translation to that system from a
consequence system which does not enjoy those interpolatoperties.

The basic notions of consequence systems, consequentierrelzraig interpolation and Maehara interpo-
lation, are defined in Section 2. In Section 3, Maehara génedatranslation schemas and Craig generalized
translation schemas, over generic abstract consequesies s, are introduced, and the theorems regarding the
preservation of Craig interpolation and Maehara interjiaeare proved. Examples illustrating the preservation
results and generalized translation schemas are presensadtion 5 for the global and the local consequence
relations induced by a deductive system. These deductiveecpuence relations were defined in Section 4 after
introducing the basic notions of sequent, sequent calardsdata structure associated to a sequent. Moreover
interesting relationships between those consequend@redare also established in Section 4. Finally, in Sec-
tion 6, we draw the conclusions.

For the benefit of the reader there is an Appendix [2] to thiskwehere we provide the details of the proofs,
that are just sketched or not proved at all herein (proofsftiw in an expected way are just sketched or not
proved at all in order to simplify the presentation).

2 Basics

Translation schemas are defined quite generally throughagbsonsequence systems so that examples of such
translations can be found in several different areas. Bytairact consequence systemsimply, aconsequence
systemwe consider a paifL, ) whereL is a set antt C (L) x L is such that:

1. (reflexivity) {¢} F o,
2. (monotonicity)l'” + ¢ wheneverl - ¢ andT is contained il
3. (transitivity)T", ¥, A I ¢ wheneverb - ¢ andl', ¢, A F ¢,

wherel", IV, ¥ and A are contained i, andvy and are elements of.. The setl is called thdanguageof the

system and its elements are calfednulas The relation- is called theconsequence relationTo simplify the
presentation, in the rest of the paper, when wrifing ¥, we mearl” - v, for everyy in ¥. Moreover, given
a setL, a function fromL to the power set of another set, is called/afunction and given an.-function f to

the power set of a set and a subset’ of S, we denote by ¢/ the set{y € L : f(¢) C S’}. We may simply
write Lg: for Ly s» when there is no ambiguity about whighfunction is being considered.
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We now propose a very general definition of Craig interpotatand Maehara interpolation over abstract
consequence systems. A consequence sy&lem) enjoysCraig interpolation with respect tan L-function
var, whenever, if” F ¢ and va(I') Nvar(y) # ), then there is a non-empty C Lyaqr)nvar,) Such thaf - ¥
andV¥ + ¢ for everyI’ C L andp € L. It enjoysMaehara interpolation with respect t@an L-function var,
whenever, ifl", A - pandvatT’) N (var(A) Uvar(e)) # 0, then there is a non-emp# C Lyayr)nvar(a)uvar(p))
such thaf™ - ¥ andW, A - ¢ for everyl', A C L andy € L.

Given a consequence system, in order for the definitions wegse to coincide with the usual definitions of
Craig interpolation and Maehara interpolation for thateys it is sufficient to define the function var so that it
maps a formula to the set of symbols relevant for interpotegiccording to that usual convention for that system.
For the sake of illustration consider the case of classicsttéirder logic. Some authors when considering Craig
interpolation in the context of that logic require that tle¢ of predicate symbols in the interpolant is contained
in the common predicate symbols of the hypothesis and thelesion, while others, besides predicate symbols,
require also a similar condition over function symbols arekfvariables. The Craig interpolation definition
proposed herein is appropriate in both situations sinceehef symbols relevant for interpolation is a parameter
of the definition, and so, it can be adjusted depending of &se.cNote however that the logical aspect of the
definition remains unchanged. Hence, when in the first sitoatt is considered arl-function that maps a
first-order formula to the set of predicate symbols appeadrint, and when in the other situation, tiiefunction
considered would map a first-order formula to the set of jgagdisymbols, free variables and function symbols
appearing in the formula.

We observe that Maehara interpolation is also known in thediure as Craig-Robinson interpolation property
or Strong interpolation property (see for instance [8, 3, lGteresting relationships can be established between
these interpolation properties when the underlying comsece system enjoys some additional characteristics.
For instance, when the consequence system enjoys comgs@nd has implication those two interpolation
properties are equivalent, and when it enjoys Craig infatfom, metatheorem of modus ponens and metatheorem
of deduction then Maehara interpolation holds (see foamst [4] for more information on this subject). Note
that the metatheorem of deduction and the metatheorem ofisnpdnens can be defined over consequence
systems that may not have an implication, and that there esissequence systems with implication enjoying
only a constrained form of metatheorem of deduction as iséise for instance of classical first-order logic.

3 Generalized translation schema

In this section we introduce Maehara generalized tramsliatchemas and show that they can be used to prove
the preservation of Maehara interpolation. Similarly wdirde a weaker notion of translation, called Craig
generalized translation schema, that can be used to prey@éservation of Craig interpolation. The translation
schemas are defined as general as possible in order to péisese properties, and so, as we show in Section 5,
several interesting translations can be shown to satisfy donditions.

A Maehara generalized translation schema from ) to (L', ') via (L°,°) with respect tan L-function
var and anl’/-function vaf, whereL® O L U L’ and-° D - U V', is a tuple(hy, ha, h) with by, hy : L — L'
andh : L(,aﬂ(hl(L)) — L such that

1. b1 () F ha(p) wheneverl F ¢;
- ¢ F° ha(p) andha(p) F° ¢;
. U F h(¢') whenever -° ¢';
. h(9), A F o wheneverl’ A ° ;
. var(hi(e)) Nvar (ha(v)) # 0 whenever varp) Nvar(y) # 0;

6. varh(¥’)) C var(¥)N(var(A)Uvar(p)) whenever vef ') C var (hy (¥))N(var (hi(A))uvar (ha(p)));
whereW U A U {¢p, 7} is contained inZ. andW’ U {¢'} is contained iy, 1)-

A Craig generalized translation schenma tuple(hy, ho, h) satisfying conditions similar to the ones of a
Maehara generalized translation schema with only theviatig differences:

a b~ W N

(i) h: L\l/ar’(hl(L))ﬁvar’(hg(L))
(i) the formulas in¥’" U {¢'} are inL

iy A = 0.

var (hs (L))rwar (ha (L))
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4 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

In Section 5 we present several interesting instances dfitehara generalized translation schema: in Subsec-
tion 5.1 we describe an interesting translation betweemaemuence system for linear logic and a consequence
system for its intuitionistic fragment, in Subsection 5.2 present a new translation with Kiriyama-Ono style
features and Kolmogorov-Gentzeré@l style features between a consequence system for fulbek calculus
enriched with some linear logic rules and a consequencersy&ir a more weaker fragment of full Lambek
calculus, and finally in Subsection 5.3 we describe a Kolmog&entzen-@del style translation between a
consequence system for the logic resulting from the contibimaf intuitionistic and classical logic and a conse-
guence system for intuitionistic logic.

The deep relationship established by a Maehara generdliaesglation schema between two consequence
systems can be used to transfer Maehara interpolation betthiem, as we show in the next theorem.

Theorem 3.1 A consequence systdth, ) enjoys Maehara interpolation with respect to &rfunctionvar,
if (i) there is a Maehara generalized translation schema ft@nt-) to another consequence systém, =) with
respect tovarand anL’-functionvar and (ii) (L’,F’) enjoys Maehara interpolation with respectuar.

Proof. Let(hy, ho, h) be a Maehara generalized translation schema filoyit) to (L', ') via a consequence
system(L°, °) with respect to ari-function var and arl’-function vaf. Assume thatZ’, ') enjoys Maehara
interpolation over vdr Suppose thaf, A - ¢ and va(T") N (var(A) Uvar(yp)) # (). Then

hi(T),  hi(A)F ha(p) and  vak(hi(T)) N (var (b (A)) Uvar (ha())) # 0

using condition 1 and condition 5 of the definition of Maehgeaeralized translation schema. Sif£é ') has
Maehara interpolation there is a non-empty finite®ebf formulas of L’ such that

hi(@) W' W hi(A)F hao(p) and vat(¥’) C var (hy(T)) N (var(hi(A))Uvar (ha(p))).

Sohy (") F° ¥ andW’, hy (A) F° ha(y). Using condition 2 of the definition of Maehara generalizeaslation
schema and the transitivity of the consequence relatiofottmving holds

T o W AR ¢ and vaf(¥') Cvar(hi ()N (var(hy(A)) uvar (ha(p))).
Finally, using condition 3, condition 4 and condition 6,
I'Eh(¥), h(¥),AF¢ and vath(¥')) Cvarl)n (varA) Uvar(y)).
Henceh(¥’) is a Maehara interpolant iff, ) for ', A F . O

A result similar to Theorem 3.1 can be proved for Craig intégifon when there is a Craig generalized
translation schema between the consequence systems.ddi@piheorem 3.2 is provided in the Appendix [2]
and omitted here since it is very similar to the proof of Thezo13.1.

Theorem 3.2 A consequence systeih, ) enjoys Craig interpolation with respect to drfunctionvar, if
(i) there is a Craig generalized translation schema fromt) to another consequence systéfi, ') with
respect tovarand anL’-functionvar and (ii) (L’,+’) enjoys Craig interpolation with respect tar .

We now prove that it is possible to extract a Craig generdlizenslation schema from a Maehara generalized
translation schema without imposing any conditions. Thaeful result allows that, in Section 5, dedicated
to examples, we only concentrate on Maehara generalizedlataon schemas. We provide its proof in the
Appendix [2] and omit it here, since it follows straightfcavaly.

Proposition 3.3 Given a Maehara generalized translation schetha, ho, h) from the consequence system
(L, ) to the consequence systéhd, ') via the consequence systéhf, -°) with respect to ar.-functionvar
and anL’-functionvar, the tuple

(h1,ha,h™), whereh™ is the restriction of: to the setli,. ;. (1))rwar (ha (1))

is a Craig generalized translation schema frofm ) to (L', ') via (L°, F°) with respect torarandvar'.
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The previous result about how from a Maehara generalizeglaion schema is possible to extract a Craig
generalized translation schema, Proposition 3.3, alloypsdve a theorem for preservation of Craig interpolation
and Maehara interpolation relying only on the existence ib&hara generalized translation schema.

Corollary 3.4 A consequence systéii, ) enjoys Craig/Maehara interpolation with respect to &ffunction
var, if (i) there is a Maehara generalized translation schema ftdnt-) to another consequence system, ')
with respect tovarand anL’-functionvar, and(ii) (L’,+") enjoys Maehara interpolation with respectuar.

The proof of the corollary is omitted since it follows immatély by using Proposition 3.3, Theorem 3.1 and
Theorem 3.2.

4 Deductive consequence systems

In this section we introduce consequence systems gendrgtddductive systems. This type of consequence
systems is going to be used in Section 5 when illustratingleimitions and results of Section 3. We use finitary
sequent calculi as deductive systems. That is, in this wedeductive syster® is a pair(L, R) whereL is
the language of the system aRdis a set of rules presented using sequeStquentsare pairs(¥, A) of finite

collections of formulas represented®s— A. Rulesare triples({s1, ..., sn}, s, 7) represented as
S1 ... Sp arm,
S
wheresy, ..., s,, s are sequents andis a proviso, that is, a condition that should be satisfiedwlsing the rule

in a derivation. There is an intimate relationship betwdendata structure used for the collections of formulas
in sequents and the presence of some rules in the deducstensyFor example, for some deductive systems,
¥ andA are sequences, for others they are multisets and the péionutale is not present in the system, and for
others they are sets and no structural rules are presetie Begjuel, given a deductive syst&mwe refer to the
type of structure (sequence, multiset or set) used forctidies of formulas in sequents gs. By atp—collection

of formulas we mean either a sequence, or multiset or setrofulas whenevety is sequence, multiset, or set,
respectively. In the sequel, giveria collection of formulasl, we denote by* the set with the formulas iw.
Derivations in a sequent calculus are defined in the usualusing sequents.

We consider two types of consequence relations over a seqalenlusD, theglobal consequence relatipn
or simply theglobal relation and thdocal consequence relationr simply thelocal relation The global relation
9, is such thatl -4, © whenever— ¢ is derivable inD from the set of hypothesis— v : ¢ € ¥}. The local
relationi-%, is only considered on calculi where the Axiom rule, that isjle of the type

o, T — A’
and the Cut rule, that is, a rule of the type

Iy = Ao @, T — Ay
F1,F2HA1,A2 ’

are admissible, and is such that-}, » whenever¥,. — ¢ is derivable inD, for some finitetp-collection 0.,
with ¥.* C ¥. So when usinglD we are assuming that both the Axiom rule and the Cut rule amg@ssible

in D. Given a deductive systef = (L, R) itis not difficult to show that the paird., -},) and(L, -4,) constitute
consequence systems. We may ¢djj as the local consequence relation inducedZbyr simply the local
consequence when there is no ambiguity, lafidas the global consequence relation induce@®tiyr simply the
global consequence. Note that, in the context of deducyiseems, Craig interpolation and Maehara interpolation
over local consequence are not so well studied in the lilezatas far as we know, as Craig interpolation and
Maehara interpolation over global consequence (see [14,2,] mainly about Craig interpolation and Maehara
interpolation over global consequence).

Interesting relationships can be established betweentaédonsequence and the global consequence induced
by a deductive system. The following proposition statesithia always the case that local consequence implies
global consequence (Bgcal consequence implies global consequeindée context of a deductive systef
we mean, that ift -, ¢, then¥ -, ¢, and byglobal consequence implies local consequemeanean that if
U - o, thenW ) o).
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6 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

Proposition 4.1 Let D be a deductive system andU {¢} a set of formulas oD, then if U L, ¢, then
U HY .

Proof. The proof follows by showing that . — A is derivable inD from a set of hypothesis/, then
— A is derivable inD from the set{— 1) : ¢ in ¥} U H, by induction on the number of formula occurrences
in the tp-collection of formulasl.. Thebasefollows straightforwardly. For theénductive stessume that for
all tp-collections of formulasl . whose number of formula occurrencesiisf ¥. — A is derivable inD from
a set of hypothesi#/, then— A is derivable irD from the sef{ — « : ¢ in U.°} U H. Let ¥, be atp-collection
of formulas whose number of formula occurrences is1 and assume that. — A is derivable inD from a set
of hypothesisH. AssumeV.. is thetp-collection of formulasV,;, ), ¥.,.. Then, there is a derivation iR for
U, ¥, — Afrom HU{— ¢} since Cut is admissible. So, by induction hypothesisA is derivable inD
from the setf{ — ¢ : ¢ in (¥, ¥.,)°} UH U{— 1}, thatis, from the sef— v : ¢ in ¥.°} U H, as we wanted
to show. O
Although global consequence does not, in general, impbeal lconsequence, it is however possible to prove
that this is the case on deductive systems with rules andgm®gatisfying some conditions, as is shown in the
next proposition. For those deductive systems, globalemumsnce and local consequence coincide and so results
about preservation of Craig interpolation and Maehararpaiation over the local relation hold immediately
for the global and vice-versa. The conditions of the nexppsition hold in some of the deductive systems
considered in the examples of Section 5.

Proposition 4.2 Global consequence implies local consequence in a dedusyistem whose rules are of the
following types:
1. axiom, with possibly a proviso imposing that it is only ovearaic formulas, that is, a rule of the type

T = A
2. weakening rule, that is, a rule of the type

r—A
o, T — A’

3. contraction rule, that is, a rule of the type

0,0, = A
o, - A’

4. cut rule, that is, a rule of the type

I'' = Ao @,y — Ay
', Ty — A, A '

5. additive introduction rules, that is, rules introducing armula at the left or the right hand side of the
conclusion sequent where the context formulas are shareeblea the premises and the conclusion;

6. multiplicative introduction rules, that is, rules introding a formula at the left or the right hand side of the
conclusion sequent where the context in the conclusionesg@uie obtained by putting together the contexts in
the premises;

7. other rules without premises;
and such that

(a) the rules with premises, in the deductive system, do notr@vésos restricting their left contexts, and

(b) when the deductive system has additive rules with more tin@npeemise, the left weakening rule is
admissiblgthat is, is derivabli

Proof. LetD be a deductive system with rules of one of the types aboverentudes with premises do not
have provisos over their left contexts, and where the leétkeaing rule is admissible if the deductive system has
additive rules with more than one premise. We show by coraptetuction on the depth of a derivation that if

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlg-journal.org
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¥ — A is derivable from a set of hypothedis- ¢ : ¢ € T'}, then there exists &p-collectionI” of formulas in
I' such thafl’, & — A is derivable from the empty set of hypothesis. Note fi{fahay be empty. Let
D, Dy,
\I’l—>A1 \IlkHAk,r
v — A

)

wherek is greater than or equal & be a derivation irD of ¥ — A from a set of hypothesis— ¢ : ¢ € '} and
wherer denotes the justification of the last inference, which maygeothesis or a rule. Consider the following
cases:

r is a rule without premises. Then there is a derivationifor- A from the empty set of hypothesis.

ris an hypothesis. Thelt — A is — 1 where is the formula used in the hypothesis. Since Axiom is admis-
sible inD, there is a derivation fop, & — A from the empty set of hypothesis.

r is a weakening or a contraction rule. Then the following \¢&ion is a derivation fof”, ¥ — A from the
empty set of hypothesis

Dy
IV,‘I’l—>A1 r
I'o—A

wherel” is atp-collection of formulas il and DY is a derivation fod”, ¥; — A; from the empty set of hy-
pothesis, that exist by induction hypothesis. Note thzdn be applied since by assumption there is no restriction
over formulas in the left contexts.

r is the cut rule. We omit the proof of this case since it is vemilar to the case when is weakening or a
contraction rule.

ris an introduction rule with only one premise or a multiptiga introduction rule with more than one premise.
The thesis follows since it is possible to consider the foil derivation

Dy Dy
Fll,‘l’l —>A1 F%,‘l’kHAk
.., 0,0 — A

Y

where, fori = 1,...,k, T'; is atp-collection of formulas i and D¢, that exist by induction hypothesis, is a
derivation forT,, U; — A; from the empty set of hypothesis. Note thatan be applied since by assumption
there is no restriction im over formulas in the left contexts.

r is an additive introduction rule with more than one premisar. each derivation

Dy
F;,\I/ZHAZ for izl,...7k,

that exists by induction hypothesis, denote/dy, a derivation foll”, ¥; — A; that exists since left weakening
is admissible. Then

D1, Dy
F/,‘I’1—>A1 F/,\I/kHAk
r
', o — A

is a derivation fol”, * — A from the empty set of hypothesis. Observe theén be applied since by assumption
there is no restriction im on formulas in the left contexts. O
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8 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

Consider the proof of Theorem 3.1 and assume that the coasegtsystems involved in the theorem are
deductive consequence systems, for instaficg; %, ), (L', ), (L°,F..). Then, the deductions fat -, ¥’
and¥’, A 5, », which are consequences referred to in that proof, havetthetsre depicted by the following
diagrams

Dy

Observe that the central part of the deductionlforl,, ¥’ is the deduction irD’ for hy(T) ,, ¥’ called Dy.
The remaining parts consist of the deductidhs for I" -5y, hy(7;) for eachy; € T'. Similarly for ¥/, A F.. o,
where the significant part is the deductit for ', ki (A) b, ha(y), and the remaining parts consist of the
deductionsDs; for A . hy(6;) for eachs; € A, and the deductio®; for ha(¢) Fhe .

5 Examples

In this section we present several interesting examplesashidra generalized translations and use them to take
conclusions about Craig interpolation and Maehara intatjpm either in the local consequence systems or in
the global consequence systems induced by the deductiiensyslescribed in each example.

For each example we start by fully describing the deductpgtesns involved, then for each deductive system
we describe the function specifying the set of symbols gieYor interpolation, finally we define the maps of
the translation and after that we prove the results aboug@reerpolation and Maehara interpolation.

We stress that, in each example, the set of symbols condidetevant for interpolation (given by the
L-function) is also used in the literature when investigaiimterpolation in that system.

The examples presented in this section are for proposltimased logics. Moreover, in each example, we
assume that each language is generated by a propositicgel bnature. Avropositional based signatur€,
or simply, asignature is a family {C} } .en Of sets of connectives of arity.

Thelanguagegenerated by the signatu€g denoted byL., or simply L when there is no ambiguity, is the
least set inductively defined as follows({y,...,pr) € L for everyps,...,or € L, c € C, andk € N.

A deductive systeniL, R) whose languagé is generated by a signatutéis presented as a pdi€’, R).

5.1 Interpolation in NLL &#MALL

Consider the question of whether the linear logic assatiaith the deductive system having as rules the rules
of MALL (additive and multiplicative rules) and the rulesMEL (intuitionistic rules), see [22, 15], enjoys Craig
interpolation and Maehara interpolation over the globadl e local consequence relation. (Interpolation for this
logic was not studied in [25].) Using the results of this wark reduce this problem to the same problem over its
intuitionistic (NLL) fragment. We denote this linear lodiy NLL&®MALL.

The only difference of NLL with respect to the logic appegrin [22] is that we do not impose a restriction
on the language of the logic. Moreover the translation w@@se is based on the translation described in that
paper. The motivation for this example is to illustrate hovg possible, using the results of this work, to reduce
interpolation questions for a logic to interpolation quass over another logic.

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlg-journal.org
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Deductive systems

The deductive syster®,, ., for NLL&MALL is such that its languagel.,,. 4, iS freely generated by the
following signatureC’, 4,4

1. Crimag CONtainsL, 1 and a denumerable set of propositional symtials
2. CTH-TWll = {N}v
3. Crtmas = {Pns ®n, —0, D, Om, &, V1,
4. Crima; =0, fori > 3,
and theL,, . .-function var, , .., considered in this example associates to each forpolal,, , ,,, the symbols

of P present inp. Sequents are pairs of finite multisets of formulas, anddtgisnt calculus is defined by the
following rules:

Init ——
&1 — &
Le I',61,6 — & R® =6 —&
"T,6 ®n & — &) "D T a0, 8]
L =& T8 — & Roo I',6 — &
[, I,6 — & — & ' —>& —& '
L, 1081 =& 16 =6 R 'y — & P19
" I', &1 @n & — &3 ' B P o o
I T T J 4
T 2,151 §1, 17 2
Flvrl _>]-—‘27]-—‘2
Fl 4)1—‘2
LT —, RL —,
I',1—r"_I, — 1
Fl 4)].—‘2
LL —, RL —— = |
1l — Fl —>L,F2
L ' —&,T R ', & — Ty
Fy,~& —Ty ] Iy —~ &, Ty 7
Lo I',61,6 — 12 R ' = &,y T — &, 1%
"T1,6 @ o — Ty T T = & @y £, T, TS
Ly ', & — Ty T,& —T% RV Iy —&1,8,T
[, 1,6 VE — Ty, TG Iy —&VE, Ty
Lg L1&i—To i 1.9 re Ar—énle =& T
UL G&E =Ty o 'y — & &6, T '
I I's T T I i
L, 1,6 =T I'1,6 =T , R@, 1— &, P19

', & ®mé — T 't — & ®Om &, Ty’ ’
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10 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

The deductive syste®,, for NLL is such that its languagé,,,, is freely generated by the signaturg:
1. C is the setP U {pg}, wherepg is a symbol not inP,
2. Cpy = {®n, ®n, —},
3.C,;, =0,fori =10ri> 3,
and theL,,-function var, considered in this example associates to each formolal,, the symbols o U {pg }

presenting. Sequents are pairs of finite multisets of formulas, anceiggient calculus is defined by the following
rules:

Init cut ' —& &, — &

H—& ry,I'f =& '
', &, I T

Lo, 1,61,6 — &3 , R, 1—/>51 1—>§2’
', 6 ®@n & — &3 [, I =& ®né

L ' —& I',6— & Roo 1,6 — &
I8 — & —& ' —>& —& '
T I T i

Lo, 1,6 — & 1,52—>€3’ R, 1— & =12

I',6 @06 — &3 ' =64 &, &%

The deductive system,, ., iS such that its signature is the union of the signature®,of,,,, andD,,, that
is, the signature oD,,; .., enriched with the additional symbp}. We denote its language Wy, m.. The
rules of this deductive system are the union of the ruleB,of,,,, andD,, plus two additional rules expressing
thatpg behaves as :

I' —
Lps , Rps  ————,
P — 'y —ps
together with the following derived rules
Tr Tr
Lo 178 Ry L&
Iy, 7561 — Iy — =&

where—gp denotes the formula — pg.

Translation

Consider the following maps; , hs : Lyp+mq — L, andh : L, — Ly, inductively defined as follows:
a) hi(L) = ps;
b) h1(1) = pg —o ps;

c) hi(p) = p for eachp in P;

d) hi(~ @) = =shi(e);

e) hi(p1Ve2) = s((mshi(p1)) ®n (mshi(p2)));

f) hi(p1&p2) = ~5((mshi(p1)) On (mshi(p2)));

9) h1(p1 om 92) = (mg7sh1(p1)) on (mg7shi(p2)), foro € {®, B};

h) hi(p1 0 p2) = (msmshi(p1)) o (msshi(p2)), foro € {®y,, ®n, —o};

i) ha(p) = ﬁ$ﬁ$h1( )i

j) hips) =

k) h(p) = pfor eachp in P;

) R(p109a) = h(p1) o h(ps) foro € {®,, —, By}

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlg-journal.org
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We now prove thathy, ho, h) satisfies the conditions of a Maehara generalized traoslathema from
(L tmas l—anmG) to (Ln,ty ) Vid (Lt gmas I—an+$m) with respect to vayr,.,,., and vay,. Due to space con-
straints and in order to improve the readability of the papesketch the proofs and omit its details. We start by
showing that it satisfies condition 1 of the definition of a Mam generalized translation schema.

Lemma 5.1 The pair of maps, andhs is such thati; (¥) Hy,  ha(p) whenever I—ZDHM pand¥ U {p}
is contained inL,, -

Proof. (Proof sketch) The proof follows by showing by contelduction on the depth of sequent deriva-
tions that if & — A is a theorem iMD,, 4,4, thenh; (¥), ~ghi(A) — pg is a theorem irD,,. For full details
consult the Appendix [2]. O

In the next lemma it is established thasatisfies condition 3 and condition 4 of the definition of Maeh
generalized translation schema.

Lemma 5.2 The maph is such that
1.Ttp, ... h(v) whenevel '_an+$ma Y,

2. h(¥), At pwhenevew, A+ 0,

Drntgma

wherel U A U {¢} is contained inL,, ,,,, andW¥ U {¢} is contained inL,,.

Proof. (Proof sketch) The proof follows by showing by contpleduction on the depth of a sequent deriva-
tion that if ¥ andA are sets contained i, . and¥ — A is a theorem irD,, 4 4, thenh(¥) — h(A)isa
theorem irD,, , ,,,, whereh is a map fromL,, 4 ma 10 L ymq €xtendingh by establishing also an identity on the
connectives of MALL. For full details consult the Append] [ O

In order to show that the proposed translation satisfiesiton® of the definition of Maehara generalized
translation schema, that ig, l_an+$ma hi(p) and ha(p) I—ZDHWM @ for ¢ in L,4+ma, We use the following
auxiliary maph,, from L, 10 L, 1 inductively defined as follows:

a) ha(L) = L;

b) ha(p) =~~ pforpin P;

C) ha(l) =~ 1

d) ha(~ @) =~ ha(p);

e) ha(p1 0 p2) =~~~ ((~~ ha(p1)) 0 (~~ ha(p2))) for o € {@m, B, @n, B}
f) ha(e1 0 p2) = (v~ halp1)) o (v~ ha(p2)) foro € {V, &, —}.

Lemma 5.3 The maps:y, he andh,, are such that
1. 90 ‘Hian«l»ssnla ha((}ﬁ) !
2. ha(p) —H—lD hi(p),

3. ha(p) -5 ha()
for o in Ly yme.

n+gma

ntgma

Proof. (Proof sketch) The proofs follow by complete indaotion the complexity of a formula. For full
details consult the Appendix [2]. O

Proposition 5.4 The tuple(hq, h, k) is a Maehara generalized translation schema frob, 4, l—lD
t0 (Ly, F ) via (Lyggmas Flp . ..) with respect tosar, ., andvar,.
n n $m,a

wima)

Proof. The domain and co-domain/of, h, andh are as indicated in the definition of Maehara generalized
translation schema. We now show that they satisfy all thalitioms of that definition. Condition 1 follows by
Lemma 5.1; condition 2 follows by Lemma 5.3; condition 3 anfdkbw by Lemma 5.2; condition 5 follows by
induction on the structure of a formula taking into accotnet wayh; is defined inductively on the structure of
a formula, and sincé; (p) = p andhs(p) = —g—gp; condition 6 follows since varh(h;(¢))) = var,(p) for
i = 1,2 and taking into account the walyis defined inductively on the structure of a formula. O

www.mlg-journal.org (© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



12 W. Carnielli, J. Rasga, and C. Sernadas: Interpolation via translations

Using the fact that the proposed translation satisfies tinelitons of the Maehara generalized translation
schema from(L,,  a; I—lDHm) to (Ln, 5, ) Via (Lnygmas pr ) with respect to vaf ., and vay, see
Proposition 5.4, it is possible to conclude by Corollary tBd following result.

Corollary 5.5 The logicNLL &MALL has Craig/Maehara interpolation over its local consequenelation
with respect tovar,, 1 ,,, wheneveMNLL has Craig/Maehara interpolation over its local consequemelation
with respect tovar,,.

It is not possible to conclude, by using Corollary 3.4, preaton of Craig interpolation and Maehara interpo-
lation over global consequence, sifRg. ., does not satisfy the conditions of Proposition 4.2. So,qixegion
of that properties has to be proved by showing {fhat o, h) satisfies the conditions of the Maehara generalized
translation schema froff¥,, 4 maq, -5 ) to (L, %%n) via (L4 gma, I—%n+$ma) with respect to vay,,,,, and
var,, and then use Corollary 3.4.

Lemma 5.6 The pair of maps:; andhs is such thati, (V) -7, ha(p) whenevew - pand¥ U {¢}
is contained inL,, 1 q-

n+ma

Proof. (Proof sketch) The proof follows by showing by cont@li@duction on the depth of a sequent deriva-
tion that if" — A is derivable irD,, 1., from the set of hypothesis— 1 : ¢ € ¥}, thenhy(T"), ~gh1(A) — pg
is derivable inD,, from the set of hypothesis— hy(v) : ¢ € ¥}. For full details consult the Appendix [2].00

We now show that satisfies also condition 3 and condition 4 of the definitioMaiehara generalized trans-
lation schema over the global consequence systems.
Lemma 5.7 The maph is such that
1.T I—%Mma k(1)) whenevel I—%nmm Y,
g9
2. h(T), A+ e P
wherel U A U {¢} is contained inL,, ,,,, andW¥ U {¢} is contained inL,,.

¢ whenever, A -,

n+ma

Proof. (Proof sketch) We show by complete induction on thatldef a sequent derivation thatlifand A
are sets contained ib,, ;,,, andI’ — A is derivable inD,, ., from the set of hypothesis— ¢ : ¢ € U},
thenh(T") — h(A) is derivable inD,, ., from the set of hypothesis— k(1) : ¢» € ¥} whereh is a map from
L+ gma 10 Ly mq €xtendingh by establishing an identity on the connectives ndDin For full details consult
the Appendix [2]. O

Finally we prove thathi, ho, h) satisfies also condition 2 of Maehara generalized transiathema over
the global consequence systems. The proof of the lemman®limmediately by Proposition 4.1 since similar
deductions hold for the local consequence relation, seenaet 3.

Lemma 5.8 The maps:,, h1 andh, are such that
1. SO _“_gDn«l»ssnlu ha(go) ’
2. ha(p) 45 hi(e),

3. ha(yp) A5 ha(¢)
for pin Ly yma.

Henceforth, using the previous results, Lemma 5.6, Lemihaid Lemma 5.8, we conclude that the proposed
translation is also a Maehara generalized translatiomsalower the global consequence systems with respect to
var, 1.mq and vay,.

Proposition 5.9 The tuple(h,, ho, h) is @ Maehara generalized translation schema frab, 4, =5
to (L, %%n) via (Ly+gmas I—%HWQ) with respect tovar,, ., andvar,.

Therefore it is now possible to conclude that NEMALL enjoys also Craig interpolation and Maehara inter-
polation over its global consequence relation with respect
to var, 1o if NLL enjoys them over with respect to var

Corollary 5.10 LogicNLL®&MALL enjoys Craig/Maehara interpolation over its global congeqce relation
with respect tovar,, 1 ,,,, WwheneveNLL enjoys Craig/Maehara interpolation over its global conseqce relation
with respect tovar,,.

ntgma

n+$ ma

)

n+ma
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5.2 Interpolation in FLew@&MLL

In this example we prove that the full Lambek calculus witblenge and weakening enriched with multiplicative
classical linear logic rules enjoys Craig interpolatiord daehara interpolation over its global consequence
relation. These properties are proved by translating tggclto the fragment of full Lambek calculus with
exchange, FLe, which enjoys those properties. As far as we knvas not known before whether full Lambek
calculus with exchange and weakening enriched with midagive classical linear logic rules enjoyed Craig
interpolation and Maehara interpolation over its globahsaguence relation. The novelty of the translation
we propose resides on the combination of Kiriyama-Ono dtgleslation features, see [17], with Kolmogorov-
Gentzen-®del style translation features.

Deductive systems

We start by presenting the deductive systBm, ,,, for the full Lambek calculus with exchange and weakening
enriched with multiplicative classical linear logic rulé&/e note that this system can be seen as the combination
of full Lambek calculus with exchange and weakening (anredéel BCK logic), FLew, and multiplicative linear
logic, MLL, and so is represented as FLeMLL, see [17, 28, 3, 16]. The deductive systém ., is such that

its languageL., 1+, is generated by the signatutg, . ,,, with:

1. Cy4mg containsl, 1,,,0, 1, 1, and a denumerable set of propositional symlls

2. Cw-i-ml = {N}v

3. Cw—i—mQ = {*a D,AV,®, V},

4. Cyymy =0, fork > 3,
where we may also use as an abbreviation for the Lambek negation, thatig,is an abbreviation op > L.
The L,,.,-function var,,, considered in this example associates to each formpubd L., ., the symbols

of P present inp. Sequents iD,,,,, are pairs of finite multisets of formulas, and its sequentudas is defined
by the following rules:

Init

&L —&
Flﬂrg F14>
Lw ———«|[h <1, Rw ———,
',& —1Is T2l < ' —¢&
LL ——, RL ——,
1l — —1
T I T I
L 1,61,6 — I AT <1, R« 1—>/§1 1— &
[y,6 %86 — T I, T — & *&
T T J 4 T
L 1—>/§1 1,6 — 2 gy <1, RS 1,6 — & ’
I, I8 D086 — T4 ' —-&>5&
T I T I
Lon —wSe =l gy R Lo hi—é
I, 60N —Ty ' =& A&
', & =T I'iy& — 1 ' — &
Lv : alls <1, Rev — LSk p_19
1,61 V& — Ty T2l < T -6 VE
L0 — ala|<1,

Fl,OH FQ

www.mlg-journal.org
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lei,
I'y,1, =1

LJ—m '
1, —
Lo Iy — &, T
Fy,~& —Ty ]
Lo ', 61,6 — T

[,6®&—Ty’

', & =Ty T, &6 — T

LV )
Fla F/17€1V£2 - F27F12

RL,,

R®

RV

Fl —>F2
I — Ly, Ty’

', — T
Iy —~ &, Ty 7

't —&,T T — &, T
[,T) — & ®&,T2, T

'y —&1,&6, I
I — &VE, Ty

The deductive syster®, for full Lambek calculus with exchange, FLe, is such tha,lénguage L., is

generated by the signatufé with:
1. C,, containsl, 0, Land P,
2. Cop = {x,A\,D,V},
3. Cep,=0fork #0,2,

where we may also use as the usual abbreviation. Tle-function vag considered in this example associates

to each formulap of L. the symbols ofP present inp. Sequents irD, are pairs of finite multisets of formulas,
and its sequent calculus is defined by the following rules:

Int ——,
§1— &1
F1—>F2
L1 —«lIh| <1,
I, 1— 1, el <
LL —,
1 —

r I
Lo dvév&=le p g
[y,6 %8 — T
[y — & I8 — 1%

LD
[, 0,6 D& — 1Y

almy <1,

', 6 — T2

LN ———————
MUTLEG AN E — Ty

Al <1, k=1,2,

Flagl - FQ F17§2 - FQ
1,61 V& — Ty

Lv

Al <1,

moreover, we may use the following derived rules

N —=&

L ———,
Flv_‘gl -

in order to simplify the presentation of derivations.

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

LO

R1

RL

Rx

RD

RiV

R—-

1—‘170_> FQ

F1—>L

<1|F2|§1,

-1

Flﬂ

' —& F/1—>52

[T — &8

', 61— &

I'h—-&>&"

=4I —&

' =& V&'

' =& A&

=&

',& —
Iy —-&
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Translation

Consider the following maps; , hs : Lyym — L. andh : L, — L, 1, inductively defined as follows:
a) ha(p) = ~=ha(e);
b) hi(p) = (hy (¢) vV L);

c) hy (p) =pforpin P;
d) hy (a) =aforain{L,0,1};
€) by (p1 D w2) = (K (1) D (—=hi(p2)));

(p

(

(

f) hi (g0 <P2) ((==h1(p1)) o (m=ha(p2))) foroin {A, V};
9) hy (Lm) =
h) hy (1) =
) hi(~ 1) = ﬁhl 1(p1);

) hi(p10p2) = (mhi(p1) * m=hi(p2)) foroin {@, «};
K) hi (p1V2) = (mha(e1)) D (m=hi(p2));

) hi(p) = (R} (p) A 1);

m) hl " (p) = pforpin P;

n) Y (a) =aforain{1,0,1};

0) K (p1 D w2) = ((=hal(p1)) D Ai(w2));

p) b (10 @2) (Wi (1) o By (p2)) for oin {A, V};
Q) hy (L) =

s) hl (~ 1 ) ha(e1);

) hi (prowa) = ( 1(p1) % hi(p2)) foroin {®, +};
u) iy (p1Ve2) = ((=hl(e1)) D hli(e2));

V) h(p) = ¢.

We now show thathi, ho, h) constitute a Maehara generalized translation schema ffam.,,, -7, , ) to
(Les 5, ) via (L ym, I—%w+ ) with respect to vay,,, and vag. We start by observing thatsatisfies condition 3
and cond|t|on 4 of the definition of Maehara generalizedstation schema, that is,

' h(v)) whenever® l—gbwm ¢ and h(V)H]  pwhenevew 7, ot P

Dw+m

whereT" U {y} is contained inL,,;,, and¥ U {«} is contained inL.. Condition 1 of the definition of Maehara

generalized translation schema is also satisfied by theopeaptranslation, as shown in the following lemma.
Lemma 5.11 The pair of maps, andh; is such that, (V) 7, hs(p) whenever F%wm pand¥ U {p}

is contained inL., 4 .

Proof. (Proof sketch) The proof follows by complete indantion the depth of a sequent derivation by
showing that i’ — A is derivable irD,, ., from the set of hypothesis— 1 : 1) € ¥}, thenh! ('), ~hy (A) —
is derivable inD. from the set of hypothesis— h4 () : » € ¥}. For full details consult the Appendix [2].00

In order to prove that the tuplgq, ho, h) satisfies condition 2, we consider an auxiliary nigpthat trans-
forms a formula to an equivalent one that can circumvent ifieulties imposed by reasoning with rules with
cardinality restrictions on its right side. The mapis inductively defined as follows:

a) hq(p) =~~pforpin P;
b) h,(a )7afora|n{J_ 0,1};
C) ha(Lm) = Li;

d) ha(1m) = 1i;
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€) ha(p1 0 @a) =~ (ha(p1) 0 ha(pe)) foroin {®,*, D, A,V

f) ha(@lv(ﬂQ) = ((NN ha(@l))v('\”\’ ha(@Z)));

9) ha(’\’ 901) = ha(‘Pl)-

Lemma 5.12 The mapsiy, ho, h} andh,, are such that

1 hip) 5, ha(@), hale) A5 ha(e)  hale) -5, hi(e),

2.0 —H—%WM ha(9)
for ¥ in L’w+m,-

Proof. (Proof sketch) The proof follows by complete indanton the complexity of the formula. For full
details consult the Appendix [2]. O

Putting together the previous lemmas we can now prove th@fislg proposition.
Proposition 5.13 The tuple(hy, ho, h) is a Maehara generalized translation schema frohy, .., |—9DWH)
to (L., I—%C) via (L m, P%MM) with respect tovar,, ,,,, andvar,.

Proof. The proof follows straightforwardly taking into aemt the previous lemmas, Lemma 5.11 and
Lemma 5.12, the observation thatsatisfies condition 3 and condition 4 of the definition of Mahgener-
alized translation schema (observe that the deductivemgsinvolved are the same ahds the identity), the
fact that the symbol3 and_L are not relevant for interpolation, the fact thatyar, (h(h;(p))) = var,+m(e),
and by taking into account the wayis defined inductively on the structure of a formula. O

) to
w+m
(Le, I—%C) via (Luy4m, I—%wm) with respect to vas., ,,, and vag. So, by Theorem 3.1 and Theorem 3.2 we can
now establish the following corollary, capitalizing on tfaet that FLe enjoys Craig interpolation and Maehara

interpolation over its global consequence relation wipezt to var, see [8, 23].

Corollary 5.14 The logicFLewSMLL enjoys Craig interpolation and Maehara interpolation wittspect to
var, ., over its global consequence relation.

Moreover, by Proposition 3.3, there is a Craig generalizadsiation schema fromiL,, ., %,

5.3 Interpolationin IL &CL

In this subsection we investigate whether the logic resgitiom the combination by fibring of intuitionistic logic
and classical logic enjoys Craig interpolation and Maelraexpolation either over its local consequence or over
its global consequence. We prove that this is indeed thelaseducing this question to the same question over
intuitionistic logic. The reduction is made by defining a Kalgorov-Gentzen-&del style translation between
those logics. The motivation of this example is to show how bsults obtained in this work can be used to
answer this interesting question, and not in the answelf,itséich was already investigated by the authors
in [4], in the context of fibring, using preliminary tools antkthods that inspired the ones developed herein.
The language of the logic resulting from the combination byirfig of intuitionistic logic and classical logic
is generated from the signature with the connectives of logjics. The set of rules of a deductive system for the
combined logic is simply the union of the set of rules of itibuiistic logic and the set of rules of classical logic.

Deductive systems

We start by presenting the deductive sys®m.. for the logic resulting from the fibring of intuitionistic ¢ic and
classical logic. The language of this systdmm, ., is freely generated by the signaturg, . defined as follows:

1. Ciyc, containsl;, L. and a denumerable set of propositional symbils

2. CiJrCQ = {/\7;, Vi, =i, :>c} and

3. Cijep, =0fork #0,2,
where we may use., V. and—,. as the usual classical abbreviations, apés the abbreviation for intuitionistic
negation. The ;. .-function vag . considered in this example associates to each forpolal,; . . the symbols

of P presentinp. Sequents iD; . are pairs of multisets of formulas and its sequent calcdukefined by the
following rules:
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I
lw 1l
I'i,& — T
T
Lc 1751351_)]-—‘2 '
', & —T's
AX —m8—,
& —&
T I I
L:>i 14)51 1752*> 2 <1|F/2|§1,
', T, 6 = 6 — 1%
I',§ — Iy .
LA a3, allsl <1, j=1,2,
T T8 N & — Ty T2l < J
I',6e =19 I',& — 1y
', & Vi& — 1T [Tl
L T
L=, ' =&, I'1,6 — Ty

I, =8 — T2 ’
plus the following derived rules:

Lo, 178

R T
L— Fl _>§17F2

¢ Ty,meé — Ty

17
Rw _t—Tl2
I =TI &
Re ]-—‘1_)1_‘2751751,
I —=T9,&
R, ', &6 — & ,
' —& =&
RA, ' —=& I‘1—>£2’
Iy =& Ni&e
I —¢ .
RV ————L—, =1,2,
Ty =& Vi & J
J—C J_CH H
T I
R 1a51_>£27 2

Ty =& =6,

R-; I'y,6 — ,
' ——&
', & —Ty

R~ ————————.
' — =&, T

The languagé.; of the deductive system; for intuitionistic logic is freely generated by the signed’; such

that:

1. C;, containsl; and a denumerable set of propositional symligls

2. Cig = {/\i7\/i7:>i} and
3.0 =0fork #£0,2,

where we may use; as the usual abbreviation, and assume fhat P = (). The L;-function vag considered
in this example associates to each formulaf L; the symbols ofP; present inp. Sequents irD; are pairs of
multisets of formulas and its sequent calculus is definedhbydllowing rules:

AX —m8—,
&S —&
F1—>F2
Lw ——— <« <1,
I',&6 —1s ] <
L ,
J—i_>
T I I
L=, 1—:51 1,6 — 2 iyl <1,
[, T, 6 =i & — T
I ; T
LA 1,6 — 12 alby| <1, j=1,2,

9T, 6 A& — Ty

I',6 =12 ', — 1o
', & Vi& — 1T

www.mlg-journal.org

Lv;

allel <1,

,6,6 — 1
lc ——=———= gL <1,
I',& — 1 Il <
F1—>
Rw ——MM—,
' —&
R, ', 6 — & ,
I =& =&
RA, I'n—& F1—>§2'
'y — &1 A &2
F .
RV ) j=1,2,

Kl ' =& Vi& '
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plus the following derived rules

' —&
Iy, —

F1751 -

L LY
I — =&

L) R“'L

We now define the deductive systém, .. Fix a bijective map from P to ;. The language of the deductive
system is freely generated by the signatGte. U C}, that is,C; . with the intuitionistic propositional symbols.
Its consequence relation is generated by the rule®;qf enriched with two additional rules expressing the
relationship between the propositional symbols in therfilpand their intuitionistic counterparts

TR Ve 0D

moreover we denote the language of this systemi .. Observe also that imposing thais a bijection is not
a restriction since botl? and P; are denumerable sets.

Translation
A Kolmogorov-Gentzen-@del style translation fronD; . to D; is now established. Consider the following
mapshy, ho : Lir. — L; andh : L; — L; . whereh; is inductively defined as follows:

a) hl(p) = _\i_ﬁL(p) fOI’p e P;

b) hi(ci(pr, ... 0n)) = ci(mimihi(e1), ..., mimihi(en)) for ¢ in Ciye,,n > 0;

C) hi(Le) = Ls;

d) hi(p1 =¢ w2) = (mimihi(91)) =i (mimiha(92));
andha(¢) = —;—;h1 (), andh is such that

e) h(u(p)) = pforp e P;

f) hc(pr,...,0n)) =clh(pr),...,h(en)) forc e C;,,.

This translation is similar to the Kolmogorov-Gentzebdgl translation for instance with respect to the prefix-
ing of some subformulas with a double negation. Howeverriegalizes that type of translation by not imposing
that both deductive systems have the same propositiondagmMNe now prove some lemmas useful to establish
that(h1, ho, h) is a Maehara generalized translation schema ftbm.., -5, , ) to (Li, Fp, ) via (Lit,c, Fp
with respect to var,. . and vay.

Lemma 5.15 The pair of maps; andhs is such that, (¥) 5, ha(p) whenever HDHC p, and¥ U {¢}
is contained inL, ...

71+Lc)

Proof. (Proof sketch) The proof follows by induction on thepth of a sequent derivation by showing that
if U — AisatheoremimD, ., thenh,(V¥), —;h1(A) — is a theorem irD;. For details see [2]. |

In order to show thak, andh satisfy condition 2 of the definition of Maehara generalizadslation schema
we introduce an auxiliary mafp. from L, . to L, . inductively defined as follows:

a) h.(v) = p whenevery is either L; or L;

b) h.(¢) = —c—e Wheneverp is in P;

C) he(p1 =c 2) = (memche(p1)) = ¢ (emche(p2));

d) he(p1 Vi p2) = 7c Te(memehe(01)) Vi (memehe(p2));

€) he(ci(1, ¢2)) = ci(memche(p1), memche(p2)) Whenever; € {Ai, =i},
which capitalizes on the existence of a classical negatiamder to show the equivalence between a formula and
its translation.

Lemma 5.16 The maps:., h; andh, are such that
l

1oy _“_Diﬁc he(p),

2. he(p) D, Mly),

3. ha(p) A, . hel(p)
forpin L.
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Proof. (Proof sketch) The proofs follow by complete indanton the complexity of the formula. For full
details consult the Appendix [2]. O

Finally we show that: satisfies also condition 3 and condition 4 of the definitiorMiziehara generalized
translation schema.

Lemma 5.17 The maph is such that
1.T tp,,, h(s) whenevel 5, 4,

2. h(¥),A I—ZDHC © whenever, A l—lDi+ 7y
wherel’ U A U {¢} is contained inL; . and ¥ U {+} is contained inL;.

Proof. (Proof sketch) We show by complete induction on thatldef a sequent derivation thatlifand A
are sets contained ib;, . andl' — A is a theorem oD, ., thenh(I') — h(A) is a theorem oD, . whereh
is a map fromZ, . to L, . extendingh by establishing an identity on the connectives ndbjn For full details
consult the Appendix [2]. O

Using the previous lemmas we can now prove that the propoaediation satisfies all the conditions of the
Maehara generalized translation schema.

Proposition 5.18 The triple (hq, ho, h) is a Maehara generalized translation schema froby.. .., I—IDHC) to
(Li, I—ZD,) via (Lit,c, HD, ) with respect tovar; ;.. andvar;.
i v it e

Proof. The result follows straightforwardly by taking iné@mcount the previous Lemmas, Lemma 5.15,
Lemma 5.16 and Lemma 5.17. Moreover yafh(h;(y))) = vari.(¢) for ¢ in L.y; and vaf(hi(p)) =
var; (ha(¢)) as can be shown by induction on the structure of O

Our initial question about whether the fibring of classiaad ntuitionistic logic enjoys Craig interpolation or
Maehara interpolation, either over its local consequealzgion or over its global consequence relation, can now
be positively answered.

Theorem 5.19 The fibring of classical and intuitionistic logic enjoys @yanterpolation and Maehara inter-
polation with respect twar;., . over its local consequence relation and its global conseqaeelation.

Proof. Craig interpolation and Maehara interpolation deeal consequence hold due to Corollary 3.4 since
intuitionistic logic enjoys those properties with respectar; and since there is a Maehara generalized translation
schema fron{L; . ., Hbm) to (L, Fp,) via (Liy,c, HDH _) with respect to var, . and vay, see Proposition 5.18.
The fibring of classical and intuitionistic logic enjoys L@;einterpolation and Maehara interpolation over global
consequence since, by Theorem 3.4, in the deductive systesidered herein for that logic, global consequence
and local consequence coincide. O

6 Conclusions

Preservation results for showing that a logic enjoys Cratigrpolation or Maehara interpolation, or for showing
that a logic does not enjoy those properties are proved. iticpkar, the results distinguish between Craig
interpolation and Maehara interpolation over local consege and over global consequence. We present some
interesting examples illustrating those preservatiomnltes Contrarily to the traditional methods for proving
Craig interpolation, this new alternative allows to calita on results about Craig interpolation and Maehara
interpolation on other logics, more precisely on otherdsdor which there is a specific translation between the
consequence systems involved satisfying some properties.
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